Abstract-The estimation of environmental contours of extreme sea states characterized by significant wave height and energy period for the purposes of reliability-based offshore design is a problem that has been tackled in many different ways. Many of the methods used to generate such contours rely on parametric approaches that require an a priori assumption of the relationship between the variables of interest. These relationships, often given in the form of assumed probability distributions or joint probability structures, may not be flexible across a wide variety of global observation sites. We propose the use of bivariate kernel density estimation (KDE) with adaptive bandwidth selection for generating the joint probability distribution of significant wave height and energy period. This method is nonparametric, straightforward to apply, and lends itself to a characterization of contour uncertainty that is an important aspect when contours are used to generate inputs for numerical or physical simulations of offshore structures. The joint probability distribution of significant wave height and energy period can be queried using a return period of interest to determine environmental contours of extreme sea states. This paper demonstrates that this method provides a robust and flexible characterization when compared to other approaches.
I. INTRODUCTION
Environmental contours of extreme conditions utilize existing data to predict expected behavior for a given return period of interest. The construction of these contours requires a projection of a finite dataset into the future by utilizing principles of probability and statistics. Environmental contours of extreme sea states can be used for numerical or physical model simulations analyzing the design-response of offshore structures. These environmental contours, characterized by combinations of significant wave height ( ) and energy period ( ), provide inputs that are associated with a certain reliability interval (e.g., 100 years) that can drive reliabilitybased design decisions.
Many different methods have been used to generate environmental contours of extreme sea states. Methods for generating environmental contours are summarized in [1] and include the use of the traditional inverse first-order reliability method (I-FORM) [2] , Monte Carlo simulations of joint probability [3] , and use of the Nataf transformation with a Gaussian copula [4] . Additional copula models with the Nataf transformation are utilized to generate metocean variable contours with procedures for contour selection and evaluation in [5] . Updates to the traditional I-FORM method using principal component analysis (PCA) with improvements to the joint -probability model to generate more realistic contours than the original I-FORM method are developed in [6] . The use of methods such as these requires a joint probability model to be developed for the environmental variables under consideration. These methods employ parametric approaches that make an a priori assumption on the marginal distributions of the individual sea state variables, the mathematical nature of the relationship these variables share, and/or the shape of their joint probability distribution. Although these methods can be tuned to specific sites using goodness-of-fit measures, they are often constrained by their underlying structural assumptions. Variations in observations of sea state variables require a more flexible approach that is not hampered by predetermined assumptions of contour behavior.
The use of bivariate kernel density estimation (KDE) with adaptive bandwidth selection is proposed as a method for generating the -joint probability distribution. Following the generation of environmental contours of extreme sea states using the proposed KDE method, the use of bootstrap sampling to develop confidence bounds on the final environmental contour is proposed. These methods are developed in section II. A case study for a specific site and set of observations is described in section III. Discussion and comparisons are given in section IV with a conclusion in section V.
II. METHODS FOR KERNEL DENSITY ESTIMATION, ADAPTIVE BANDWIDTH SELECTION, AND BOOTRAP UNCERTAINTY
In this work we examine the use of kernel density estimation for obtaining environmental contours of extreme sea states. We propose the use of adaptive bandwidth selection to refine contour development based on the dependence of the final contour on fixed bandwidth selection, especially in areas of sparse data. Environmental contours of extreme sea states are shown with the application of bootstrap uncertainty to develop confidence bounds describing the impact that the data set used for KDE calculation has on the final contour.
A. Kernel density estimation
Bivariate kernel density estimation is a nonparametric approach for determining the joint distribution of two parameters. This method [7] utilizes a kernel function and a bandwidth to assign a height curve to each observation point. Each height curve is then normalized and summed over the area of interest using a kernel estimator function to determine the density at each point along a surface grid. The general equation for a multivariate KDE for -dimensional data , … given multivariate data set , … with kernel function and bandwidth ℎ is shown in (1) [7] .
Both the kernel function and the bandwidth must be selected by the user to generate a KDE for a given data set. A wide selection of kernels is available for use in KDE. It has been shown that the choice of kernel is not as important to the final joint distribution as the selection of the bandwidth [8] . Optimal bandwidths can be selected based on rules of thumb or calculated using global accuracy measures such as the mean integrated square error (MISE) [9] . Bandwidths may be fixed across the range of observations under consideration or can be varied using adaptive selection algorithms [7] .
The widely applied Gaussian kernel was chosen for the purposes of this work due to the lack of dependence of the final KDE on the selected kernel. This kernel is both computationally efficient and assumes a uniform relationship between the variables under consideration [7] .
The sensitivity of the final density estimate to the selected bandwidth makes this parameter an important area of focus for this work. This sensitivity is shown for a general range of possible bandwidths in Fig. 1 . The figure above shows that the final KDE is especially bandwidth-sensitive in areas of sparse data.
Although KDE has been applied to generate the joint distribution of wave parameters previously, it has not been used to generate reliability contours due to perceived issues with extrapolation in regions with small amounts of data [10] . The sensitivity of the KDE to the chosen bandwidth, especially in sparse areas, complicates the use of this method for generating environmental contours of extreme sea states. In order to overcome this issue, we propose the use of an adaptive bandwidth algorithm that will allow for appropriate smoothing in regions with lower data density [7] .
B. Adaptive bandwidth selection
Kernel density estimates can be produced using either fixed or variable bandwidths [7] . A variety of methods are available for calculating adaptive bandwidths that vary based on the local density of the observations under consideration [11] , [12] . In areas of lower density, adaptive bandwidth selection chooses wider bandwidths, reducing the effect of outliers on the overall KDE. The Abramson estimator [11] was used to calculate adaptive bandwidths for use in constructing a bivariate KDE for the joint distribution of and in this work.
The general formulation of an adaptive bandwidth estimate is given as follows [7] . First, a pilot estimate, denoted ( ), is determined with the restriction that ( ) > 0 for all . This estimate is used to give an overall approximation of the density of the data. The selection of a pilot estimate can be made using rules of thumb or using optimization based on global accuracy measures as described above; a general choice is the KDE with a fixed bandwidth value chosen from a standard distribution [7] . For the two-dimensional case with a Gaussian kernel, the standard distribution bandwidth ℎ is given by (2):
where is the number of observations and = 2 [7] . This value can be scaled by a parameter with the radially symmetric Gaussian kernel [7] that may be selected using the average of the marginal variance for each dimension.
Local bandwidth factors are then calculated using the formula given in (3):
where is the geometric mean of ( ), and is a sensitivity parameter between 0 and 1, inclusive. Under Abramson's method for adaptive smoothing, is equal to ½ [11] .
Abramson shows that bandwidth factors that are proportional to / produce a lower bias of the estimate when compared to a fixed bandwidth KDE.
Once the local bandwidth factors have been determined, the adaptive KDE can be calculated using (4).
[7].
Calculations using Abramson's method for this work were performed using the 'sparr' package in R [13] . These calculations were made over a grid of observation points defined by a given range of interest. This range of interest starts with the range of the observed data and is extended to include additional regions that are selected such that they are large enough to reasonably be expected to include the final desired contour but small enough to maintain computational efficiency.
C. Contour development
The -year contour can be calculated following the development of the KDE describing the joint -probability distribution. Given an -year return period ( ) and a measurement interval ( ) given in hours, the likelihood that an -year event will occur is given by (5).
The joint probability distribution function defined by the KDE is characterized by a surface defined over a grid of evaluation points. This surface can be used to determine the -year contour by interpolating between grid points to find pairs of and at which the probability distribution function is equal to (5) . This procedure gives a final contour of and that can be used for reliability-based design applications.
D. Bootstrap uncertainty
The dependence of the final contour on the original sample is an important issue that must be addressed. In order to understand the effect of this dependence on the -year contour prediction, we use a bootstrap procedure to generate replicates of the data collected at the site under consideration. The use of a set of observations taken over a relatively short period of time to predict behavior further into the future is inherently problematic. The application of the bootstrap method allows us to gain some insight into the uncertainty in the final contour developed using the methods described in section II above.
The use of the bootstrap procedure is a common method for approximating uncertainty [14] . In order to apply this procedure, a random sample is taken with replacement from the original dataset. This sample contains the same number of observations as the original data and, when combined with many samples taken in the same fashion, constructs a distribution on the original sample. These bootstrap samples are then evaluated to generate a distributed set of the output of interest. This output can then be evaluated to generate statistical measures such as a mean and/or 95% confidence interval.
In order to apply the bootstrap method to the problem of interest, bootstrap samples can be taken from the set of sea state observations under analysis. A KDE is calculated to characterize the joint distribution of and for each of these bootstrap samples. The final KDE is a surface defined over a grid of evaluation points over the range of interest. Point-wise statistics can be calculated for each of the grid evaluation points. This gives surfaces of statistics on the entire KDE (e.g., mean, 95% confidence interval) that can be used to calculate the statistical measures of interest for the -year contour.
III. CASE STUDY
The methods described in section II were applied to 122,467 hourly observations of and taken from January 1, 1996 to December 31, 2012 at NDBC 46022, a buoy located offshore of Northern California [15] . The 100-year contour developed for this site using kernel density estimation with Abramson's adaptive bandwidth selection is shown in Fig. 2.   Fig. 2 . 100-year contour calculated using KDE with adaptive bandwidth selection for NDBC 46022 [15] .
The pilot bandwidth selected for this KDE was calculated as ℎ ≅ 0.23 using equation (2) scaled by the average of the marginal variance. The adaptive bandwidths calculated using Abramson's method in 'sparr' [13] are shown in Fig. 3 . These bandwidths are wider in areas of sparse data as expected, reducing the effect of outliers on the overall KDE and, ultimately, the final contour.
A set of 500 bootstrap samples was chosen from the observations of and under analysis. A KDE was developed for each of these samples using the same pilot bandwidth described above recalculated based on the marginal variance of each bootstrap sample. These KDEs were evaluated to calculate statistics on the final 100-year contour. The result of this analysis is shown in Fig. 4 . Fig. 4 . 100-year bootstrap contours with mean and 95% confidence bounds for NDBC 46022.
The figure above shows that the 100-year contour is most stable in areas of higher data density and has wider confidence bound in areas of sparser data density. This behavior is to be expected based on principles of statistics. The overall stability of the contour is appropriate given the application of interest.
IV. DISCUSSION
The results above show that KDE can be successfully applied to generate environmental contours of extreme sea states. The use of adaptive bandwidth selection appears to smooth the final contour in areas of sparse data as desired. However, some outlier data dependence remains, even when the mean bootstrap contour is considered. This dependence may be caused by the selection of a pilot bandwidth for use in the Abramson adaptive bandwidth method. Although a common rule of thumb was used to make this selection and [7] states that the KDE should not be sensitive to this parameter, the results of this study show that the selection of a pilot bandwidth does impact the final KDE and, subsequently, the final -year contour. The correction of this sensitivity is an area of future work.
When compared to the traditional I-FORM method for generating environmental contours described in [2] , the KDE contour follows the trend of the data more successfully by including values in the area where both and are high. The compared contours for these two methods are shown in Fig. 5 . As shown in Fig. 5 , 100-year KDE contour includes all of the observed data for NDBC 46022 while the traditional I-FORM contour does not. The inclusion of all observations is an expected result as all or most of the 16 years of observed data should be included in an estimate of 100-year reliability.
The traditional I-FORM contour is more successful at fitting lower values of and . The adaptive bandwidths selected using Abramson's method show that high bandwidth values are chosen at all of the margins of the data (Fig. 3) . This makes the KDE contours wider at these points, increasing the 100-year contour's coverage of areas that may not make physical sense due to physics such as wave breaking steepness. The inclusion of a data transformation prior to KDE development may help to alleviate this issue and is a possible future improvement for the methods proposed in this work. The use of another adaptive bandwidth selection method that is better suited to the types of large data sets found in this application is also under exploration.
The formulation of the KDE contour avoids many of the parameterization and distribution assumptions that are made when other contour methods are applied. Because of this, it is expected that the application of the KDE contour methodology proposed in this study to a wide variety of data sets will show that this method is flexible and conforms to the variations found in the joint distribution of and at different locations. This should be an improvement on the performance of the traditional I-FORM as this method has difficulty when the density of observations of and present strongly multimodal trends. The use of KDE inherently performs well under variations in modality as this method conforms to the trends found in the data under consideration.
V. CONCLUSION
The use of KDE with adaptive bandwidth selection is a strong candidate for the calculation of environmental contours of extreme sea states. This method does not depend on a priori assumptions of the marginal distributions of the individual sea state variables, the mathematical nature of the relationship these variables share, and/or the shape of their joint probability distribution. However, the importance of selections such as the pilot bandwidth must be explored in greater detail to determine if additional methods are needed to make this method more generally applicable. Future work includes the exploration of additional adaptive bandwidth methods that are less parameter dependent. In addition, this method will be applied to a wide variety of data sets to determine its global flexibility.
